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1. Find the general solutions to the following first-order ODEs: 

 

(a) 21dy y
dx

= +  

 [HINT:  It may be helpful to use  
2

arcsinh( )
1
dy y

y
=

+
!   .] 

 [6 points] 

(b)  53 xdy y e
dx

"+ =    

[6 points] 

(c)  
41

3
dy y y
dx x x

# $ # $= "% & % &
' ( ' (

 

 [8 points] 
 
 
 
 
 
 
2.  (a) The  nullspace  of an  n n)   matrix  A  is the set of all vectors  x  that satisfy 

the equation  =Ax 0 .  Find the null space of the matrix 
3 1 1
1 3 1
1 5 1

* +
, -= , -
, -" ". /

A    . 

Give a geometric interpretation of this nullspace. 
[9 points] 

 
 

(b)   The vector  x   is a  fixed point  of an  n n)   matrix  A  if it satisfies the fixed-
point equation  =x Ax .  Show that the set of all fixed points of an  n n)   
matrix  A  forms a vector space.  (It is only necessary for you to show the 
closure properties – Explain why that is true!). 

[6 points] 
 
 

(c)   Suppose that both  A  and  B  are invertible  n n)   matrices.  Show that 
 

1 1 1( )" " "=AB B A  
[5 points] 

 
 
 
 
 

Questions 3 and 4 over the page. 
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1. Find the general solutions to the following first-order ODEs: 

 

(a) 22 xdy y e
dx

!+ =  

 [6 points] 

(b)  21dy y
dx

= !    

[HINT:  It may be helpful to use  2
1 1 1 1

1 2 1 1y y y
" #

= +$ %! ! +& '
  .] 

 [7 points] 

(c)  2dy y xy
dx

+ =  

[HINT:  It may help to use  ( 1)x xxe dx x e! != ! +(   .   ] 
[7 points] 

 
 
 
 
 
 
2.  (a) Find the complete solution to the matrix equation 

2 1 1 6
1 2 1 1

1 3 2 7

x
y
z

) * ) * ) *
+ , + , + ,! =+ , + , + ,
+ , + , + ,- . - . - .

   . 

What does this solution represent geometrically? 
[12 points] 

 
 

(b)   The space of  all  ( )n n/   matrices  n n/
!   can be thought of as a vector space.  

Out of this space, we want to choose all the  ( )n n/   symmetric  matrices  A, 
for which  T =A A . 
Prove that this subspace of symmetric  ( )n n/   matrices forms a vector space. 

[8 points] 
 
 
 
 
 
 
 

Questions 3 and 4 over the page. 
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1. Find the general solutions to the following first-order ODEs: 

dy 2(a) -=xy
dx 

[5 points] 

(b) dy +2y =5sinx 
dx 

[HINT: It may help to use Je 2x sin xax =  e" (2 sin x - cos x) .] 

[7 points] 

(c) dy 1 2 -+-y=xy
dx x 

[8 points] 

2. (a) Find the set of all solutions to the matrix equation 

 :   

6 9 -3 x3 3  

What does this set represent geometrically? 
[8 points] 

(b) Consider the vector space ]RII, which consists of all vectors oflength n. 
Suppose we also have an (n x n) matrix A. The set of all fixed points of  
matrix A is the set ofvectors v (chosen from R II ) that satisfy the equation  
v=Av.  
Prove that the set of all fixed points v is a vector space.  

[7 points] 

(c) If A and B are non-singular nx n matrices, show that 
(ABt = B-1A-I . 

[5 points] 

Questions 3 and 4 over the page. 
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1 .  Find the general solutions to the following first-order ODES: 

dy l + x  (a) -=- 
dx cosy 

[6 points] 
d~ (b) -+3y=cost 
dt 

1 
[HINT: It may help to use e3' cos tdt = - $' (3 cos t + sin t )  .] 

10 
[6 points] 

[8 points] 

2. (a) The nullspace of a matrix A is defined to be the set of all solutions X to 
the homogeneous matrix equation Ax = 0 . Find the null space of the matrix 

3 -1 -1 
Describe this null space geometrically. 

[8 points] 

(b) A "fixed point" of a matrix A is a vector X that satisfies the equation 
X = Ax . Find all the fixed points of the matrix 

[7 points] 

(c) Suppose B is an n X n matrix. Its fixed points are nx l vectors X that 
satisfy the equation X = Bx . Show that the fixed points form a vector space. 
[HINT: Consider the closure properties, as the other properties are common to 
all nxl vectors]. 

[5 points] 

Questions 3 and 4 over the page. 
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1. Find the general solutions to the following first-order ODES: 

dy (a) - + 2 y = 6e4' 
dx 

[6 points] 

[7 points] 

[7 points] 

2. (a) Find the full solution to the system of linear equations 
x +  y + z = l  
x  + 3 z = 3  . 

Interpret your solution geometrically. 
[8 points] 

(b) Suppose that an nxn matrix A has the vectors a, , a, ,. . ., an as its 
columns, so that A can be represented as A = [aha2. ..a,] . Now suppose that 
the vectors a, , a, ,. .., a, are all orthogonal to each other. In addition, 
suppose that they are all unit vectors. Thus 

By considering ATA , prove that A must be an orthogonal matrix. 
[8 points] 

(c) Suppose that v, = Au, and v, = Au, , where A is an odogonal ~ 

~ n ~~~ x n 
matrix. Prove that v , ~ ,  =u,.u, . 

[4 points] 

Questions 3 and 4 over the page. 
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1. Find the general solutions to the following first-order ODEs: 

 

(a) dy
x y x

dx
 

 [4 points] 

(b)  24dy
y x

dx
   

[HINT:  Put  .  It may help to use  4u y x 2 2

1 arctandu u
u a a a

  . ]  

[8 points] 

(c)  1dy
y xy

dx
 

[8 points] 
 
 
 
 
2.  (a) The  nullspace  of a matrix  A  is defined to be the set of  all  solutions  x  to 

the homogeneous matrix equation  Ax 0  .  Find the null space of the matrix 
3 1 2
1 1 3
1 1 4

A    . 

Describe this null space geometrically. 
[8 points] 

 
 
     (b)  Consider an    matrix  A , with rank less than  n .  Its nullspace is the set 

of  all    vectors  x  for which  
n n

1n Ax 0  .  Show that the null space forms a 
vector space. 

 [7 points] 
 
 

(c)  Matrix  B  is similar to matrix  A  if there exists an invertible matrix  Q  such 
that   .  If  C  is similar to  B  and  B  is similar to  A , show that  C  
is similar to  A . 

1B Q AQ

[5 points] 
 
 
 
 
 
 
 
 

Questions 3 and 4 over the page. 
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